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We consider the antiferromagnetic Heisenberg model on a distorted diamond chain and use the localized- 
magnon picture adapted to a distorted geometry to discuss some of its high-field low-temperature properties. 
More specifically, in our study we assume that the partition function for a slightly distorted geometry has the 
same form as for ideal geometry, though with slightly dispersive one-magnon energies. We also discuss the 
relevance of such a description to azurite. 
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1. Introduction 

The concept of localized magnons was introduced some time ago f?, ^ and since then it has been 
successfully used to examine the ground-state and low-temperature properties of a wide class of spin 
models l3|-|6|] (for a review see reference Most of the calculations refer to the so-called ideal lattice 
geometry which implies a completely dispersionless lowest-energy one-magnon band. However, one can- 
not expect that such conditions occur in real-life materials and, therefore, one has to go beyond the case of 
ideal geometry dealing with a slightly dispersive lowest-energy one-magnon band, i.e., with almost local- 
ized magnons. Although a systematic quantitative theory of almost localized magnons has not been elabo- 
rated so far, it is quite in order to mention here reference |8] that considers a distorted frustrated two-leg 
spin ladder and references [lo|] where an effective HamUtonian is obtained for a distorted diamond 
spin chain [in the context of the magnetic compounds Cu3Cl6(H20)2-2H8C4S02 and Cu3(C03)2(OH)2]. 

A famous solid-state example of a model compound for a frustrated diamond Heisenberg spin-chain 
system is the natural mineral azurite Cu3(C03)2(OH)2 IllUlsil. For another possible experimental candi- 
dates see references 1 14, 15]. High-field magnetization curves for an azurite single crystal have been mea- 
sured below 4.2 K up to about 40 T, see references (lll|l3l. The magnetization curve has a clear plateau 
at one third of the saturation magnetization. Moreover, the magnetization curve has a very steep part 
(although not a perfect vertical jump) between one third of the saturation magnetization and the satura- 
tion magnetization. An appropriate magnetic model for azurite |11-13] is a spin-1/2 distorted Heisenberg 
diamond chain with four different antiferromagnetic exchange constants J\, Jz, J3, and Jm, see figure[l] 
and sections [2] m The ideal geometry supporting the localized-magnon states occurs for the case /i - J3, 
/m = 0, /2 > 2/1 . However, the set of exchange constants obtained from the first-principle density func- 
tional computations reads (l3|] 

/i = 15.51 K, J2 = 33 K, /3 = 6.93 K, Jm = 4.62 K. (1.1) 
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Although the parameter set il.l) does not satisfy the ideal geometry conditions, it is not very far from 
an ideal set. This statement is supported by the measured magnetization curve that resembles the one 
predicted by a localized-magnon picture, see . Therefore, one may expect that an appropriate mod- 
ification of the localized-magnon picture would be capable of describing the high-field low-temperature 
properties of azurite. 

It should be mentioned here that the diamond spin chain with /i = J3, J,„ = is a representative of the 
models with local conservation laws, cf., e.g., references |16- 20]. Local conservation laws provide a very 
special mechanism for trapping the magnons. Therefore, the ideal diamond chain cannot be considered 
as a generic spin model with localized magnons. On the other hand, this is probably the most suitable 
well known solid-state realization of a localized-magnon system. 

Bearing in mind this motivation, in the present paper we discuss one simple route to the high-field 
low-temperature thermodynamics of a distorted diamond spin chain which is based on the localized- 
magnon picture. After recalling in section[2]the basic points of the standard consideration which is valid 
for ideal geometry (^Q], we introduce in section[3]a plausible form of the partition function of the dis- 
torted diamond spin chain for small deviations from ideal geometry and calculate thermodynamic quan- 
tities in this case. In section|4]we apply this consideration to azurite. We conclude in section[5]with a brief 
summary and prospects for further studies. 



2. Localized magnons on an ideal diamond chain 

In our study we consider the spin-1/2 Heisenberg antiferromagnet with the Hamiltonian 



iij) 



(2.1) 



on a N-site diamond chain fl7','l8','2l'-^, see figure [T] We use standard notations in equation J2.1> and 
imply periodic boundary conditions. It is convenient to label the lattice sites with a pair of indeces, where 
the first number enumerates the cells (m- \,...,jY - NI3) and the second one enumerates the position 
of the site within the cell, see figure[T] Therefore, spin HamUtonian <2.1) on the distorted diamond-chain 
lattice reads 



H - [/2Sm,l 'Sm.a + /3Sm,l -Sm.a + /lSm,2 -Sm.S + /lSm,3 'Sm+l,! + /3Sm,3 -Sm+l.Z 

m=l 



(2.2) 



Note that the spin HamUtonian commutes with S^. Therefore, we may consider the subspaces with dif- 
ferent values of - N/2,N/2-l,... separately. Moreover, we may assume for brevity at first h-0 and 
then trivially add the contribution of the Zeeman term. 

We begin with the ideal geometry case. If Ji - J3, Jm - 0, the one-magnon (i.e., - 3^/2- 1) en- 
ergy bands £i(K], i - 1,2,3, k - 2nnljY, n - -jY !2,-jY 12+ \,...,jY 12- 1 (we assume without loss of 
generahty that JY is even) follow from the equation 



det 



h. 

4(1 + . 



h. 

2 

4(1 + 6 



4(1 + 6*'^) 
4(1 + 6*'^) 

-2/1 



= 



(2.3) 
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and have the form 



ElM^-Jl-Jz, £2,3 



3/1 _ A /^-i 

1 — v5 + 4cosjc. 

2 2 



(2.4) 



For /1//2 < 1/2 (from now on we assume that this inequality holds) the flat band £i{k) - £1 becomes 
the lowest-energy one. The states from the flat band can be visualized as singlets located on the vertical 
bonds J2, see figure[l] 

Many-magnon (i.e., - 'ijYI2-2,...,'ijYI2-jY) ground states can be constructed by filling the verti- 
cal bonds (traps) by magnons. These independent localized-magnon states dominate the low-temperature 
properties of the spin system in a magnetic field h around the saturation value h^at - -£\ - h + Ji - The 
partition function of the diamond spin chain in this regime reads 1 3- 7] 



Z{T,h,N)^exp 



J/ 



^ g^(«)e 

n=0 



n(h^^t-h)IT 



(we set fcfi = 1) with E^m = (/2/4-1- /i)^ and gj/[n) = J\^\l[n\{^ - nV.). Therefore, 



Z{T,h,N)^exp 



T 



l + e 



and the free energy per cell reads 



, , , -T\nZ{T,h,N] E^m-jN . . 

f[T,h)^ lim ^ rin l-He''''''""''"^! 



The magnetization per cell can be obtained from equation d2.7> according to the standard relation 



m{T, h) - 



df{T,h] 3 



dh 



2 i + e'^'s^-''^'^ ' 



(2.5) 



(2.6) 



(2.7) 



(2.8) 



Some further calculations of the high-field low-temperature thermodynamic quantities can be found 
indli. 



3. Almost localized magnons on a distorted diamond chain 



Now we assume a small "distortion" |/i - /3I//2 « 1, JmUz « 1- Our aim is to construct an effective 
description of the low-temperature thermodynamics of the distorted diamond spin chain 12. 2t around 

^l = (/l+/3)/2-H/2. 

We begin with the one-magnon energy bands £/(?c), which follows now from the equation 



( 



det 



h 
2 



h 
2 



l(l + e-)-f(l-e-) 
|(l + e-) + f(l-e-) 



1^ i(l + e-"^)-|(l-e-"^) 1(1 + 6-"^) + 1(1-6-"^) -2/-/^(l-cosK)-e,-(K) j 



Here, we have introduced the following notations 

/1 + /3 
2 ' 

Equation <3.1> yields a cubic equation for (k), 

l2 



/1-/3 



r A 

J+ — + £i{K) 



[2/ + 2Jm sin^ I + £i [K) I + h [f cos^ I - 52 sin^ |) 

-H [2/ -H /2 -H 2£,- (JC)] (/ C0s2 | -H 5^ sin^ |] + [2/ -H 2/^ sin^ I -H £i (K) ] = 0. 



(3.1) 



(3.2) 



(3.3) 
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In the ideal geometry limit } - Ji,6 -0, Jm-0, equation <3.3) becomes 



K J 

[2/i + Ei {K)] + 2 Ih + J2 + £i M] J\ cos^ - + ^ [2/i + ei [k]] 

2 4 



J2 , , 



Obviously, £1 (?c) = ei = -/i - /2 <2.4t satisfies equation ( I3.4> . 

We pass to the distorted case assuming 81 J2X.0 be small. Inserting 



:0. 



into equation J3.3> and collecting the terms of the order 8^ we find 



.(2) 



2/2sin2f 



/2(/-/2) + 2/2cos2f +2/2/mSin2f 



Thus, up to the terms of the order 8^, we have 



£iM = -J-J2 + 



Ui-hY 



(1 + COSTC)^ ■ 



(l-COS7C)4^ 4/2 



(-1 + cosk) + . 



(3.4) 



(3.5) 



(3.6) 



(3.7) 



= -hi + - 



h 



J'l h 



4/2 



(-1 + COSJC) + 



Clearly, the flat band ei becomes dispersive if 5 9^ 0. Interestingly, as it follows from equation 1 13.7) and 
can be expected from the coupling geometry in figure [1] the exchange coupling Jm affects the flat band 
only if /i /3 (i.e., cannot spoil the flat band alone). Furthermore, assuming in addition that // J2, 
Jm I J2 are also small, we can rewrite equation 1 13.7) in the form 



ei(jc) ~ -hi 1 — cosK. 



(3.8) 



4/2 4/2 

In figure [2]we compare ei{k) obtained from equations 13.3) . ( 13.7) . and 1 13.8) for two particular sets of 
parameters /i - 0.85, J2 -3, J3- 1.15, Jm-0 and Jm = 0.2, cf. equation <1.1) . 

Now we return to equation <2.6) which takes into account the contribution of the many-magnon states 
to the thermodynamics for ideal geometry when the lowest-energy one-magnon band is completely flat. 
Evidently, equation <2.6) can be considered as 



Z{T,h,N)^exp 



T 



n{ 



l + e' 



-£llK)-h]IT 



}■ 



(3.9) 
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where -ei [k) --ei- hsat for the flat-band case. Our basic assumption for the distorted case is as follows: 
We assume that the partition function for a slightly distorted diamond spin chain still has the form given 
in equation <3.9> . though with the one-magnon energies given in equation 13. 7> . Preserving the structure 
of the partition function, we adopt the hard-monomer rule, though facing now the hard monomers with 
slightly dispersive energies. Thus, we have 



Z{T,h,N)^ exp 



{ Efm-^N 



T 

V 

with £i (k) given in equation 13. 7> . As a result, the free energy per cell reads 

-T\nZ{T,h,N) E^m-jN 



Jn{l + e[-^iW-''l'^} (3,10) 



-T\nZ{T,h,N) E^m-jN t f i , „ f^, ^,,7.1 
fiT,h)^ lim ^ / djflnU + e'"'"'''^"'"'^^ (3.11) 



with ei(?c) given in equation 13. 7> . A further improved (but more comphcated) result will be obtained if 
one utilizes for ei(jc:) the corresponding solution of cubic equation 13. 3> . see section|4] 

It is worth noting that the second term in equation 13.11> with e\{k) given by equation 13. 8> corre- 
sponds to the free energy per site (up to an unimportant constant h /2) of the spin-1/2 XX chain in a 
transverse field ji^-lH] defined by the Hamiltonian 

H = -h £ T^^ + J f (t^T^^i + T^T^^i) (3.12) 
m=l m=l 

with 

, , , (/i - /a)^ , (/i - h)^ ,„ . „, 

\\--h+h\ + , J = . (3.13) 

4/2 4/2 

This finding can be compared with the effective Hamiltonian for a distorted diamond spin chain derived 
in references L2j JLO] within the second-order perturbation theory in |/i | //a, I/3 1 //2. This effective Hamil- 
tonian also corresponds to the spin-1/2 XX chain in a transverse field 13.12t with the parameters 

h^h-hi — , J = — — , (3.14) 

4/2 4/2 

see equations (7) and (8) of reference Eoll . 

Furthermore, within the adopted approach it is easy to obtain the magnetization. Using 13.11> one 
gets 

j-£i(K)-/i]/r 



m{T,h)^ \ Ak ■ — — — = 1 / djctanh — — . (3.15) 

-Jt 



Here, £i(j<:) is given by equation 13. 7t [or by the corresponding solution of cubic equation 13. 3H . If one 
assumes for £1 [k) the simpler formula 13.8) . the second term in the r.h.s. of equation 13.15) corresponds 
to the behavior of the (transverse) magnetization of the spin-1/2 XX chain in a transverse field. 

In figure [3] we compare the exact diagonalization data with our predictions from the approximate 
analytical theory. Exact diagonalization data refer to finite systems of W = 18 sites. The ground-state 
magnetization curve for finite systems consists of the steps which become smeared out as the tempera- 
ture increases. Although analytical predictions according to equation 13.15) refer to thermodynamically 
large systems with J/ ^ 00, we may reproduce the finite-^ magnetization replacing the integral by the 
sum, i.e., /f^^dTC (...)/ (2:^) Comparing the exact diagonalization data and approximate an- 

alytical calculations, one concludes the following. Equation 13.8) (it corresponds to the effective spin-1/2 
XX chain in a transverse field introduced in references |9, 10]) only qualitatively reproduces the ex- 
act diagonalization data for |/i - /3I/ J2 - 0.12, 0.10; the value of the saturation field is underestimated, 
the end field for the 1/3 plateau equals hi and is overestimated. Equation 13.7) works much better for 
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I/1-/3I//2 = 0.12, 0.10 and provides a good agreement with the exact diagonalization data above and just 
below the saturation field. However, the end field for the 1/3 plateau again equals hi and around h\ both 
approximations <3.7> and 1 13. 8> exhibit similar shortcomings. For a smaller value of |/i - /3I //2 = 0.06, the 
agreement between both approximations and with the exact diagonalization data becomes better. This is 
not surprising since equation I l3.8t corresponds to the second-order perturbation theory in I/1I//2, 1/3I//2. 
see references iilEoll. 

We conclude this section by making some gen- 
eral remarks concerning the suggested approxima- 
tion <3.10) based on the discussed results. Appar- 
ently, this educated ansatz which originates from 
the localized-magnon theory works well when the 
number of magnons is small (i.e., around the satu- 
ration field) provided the one-magnon energies are 
reproduced correctly [compare ei (jc) obtained from 
equations <3.3> . 1 13. 7L and <3.8> and shown in the left 
hand panel of figure [2). If the number of magnons 
becomes large (i.e., when approaching the end field 
for the 1/3 plateau) a simple hard-core rule fails to 
describe the system since the incompletely local- 
ized magnons may exhibit more complicated inter- 
actions. 



4. Magnetization curves for azurite 

The natural mineral azurite Cu3(C03)2(OH)2 has 
been a subject of intensive experimental and the- 
oretical studies recently. After the discovery of a 
plateau at 1/3 of the saturation value at the low- 
temperature magnetization curve (ill hM> there 
were other experiments concerning the magnetic 
properties of azurite, e.g., measurements of the 
magnetic susceptibility, the specific heat, the struc- 
ture of the 1/3 plateau determined by nuclear mag- 
netic resonance, inelastic neutron scattering on 
the 1/3 plateau etc., see reference |10] and refer- 
ences therein. Applying different theoretical tools, 
it was demonstrated that a generalized diamond 
spin chain is consistent with these experiments 
and thus, azurite Cu3(C03)2(OH)2 may be viewed as 
a model substance for a frustrated diamond spin 
chain, see reference |10] and references therein. As 
mentioned in section [1] the magnetic properties of 
azurite Cu3(C03)2(OH)2 can be described by a dis- 
torted diamond Heisenberg spin chain with a set 
of exchange couplings given in equation <1.1) and 
the gyromagnetic ratio g - 2.06, see references |9, 
[lo[ (ij. The reduced field h in equation or 
equation <2.2> is related to the physical field by 
h = g/iB^with /iB 0.67171 K/T in the units where 
^B - 1, see reference |9]. 

In what follows we discuss the high-field part 
of the low-temperature magnetization curve Illill2ll 




',A?=18,r=0.001 

.N=\s,T=om 

(3.7) ,5\^=oo,7'=0.001 
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(3.8) ,5\^=oo,7'=0.001 
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Figure 3. (Color online) Magnetization curve 
m(T,h]l3 vs h for the distorted diamond chain 
[/l = 0.85, 12 = 2.5 (upper panel), /2 = 3 (middle 
panel), J2 = 5 flower panel), J3 = 1.15, Jm = 0] at 
T = 0.001 (thick lines, squares) and T = 0.01 (thin 
line, triangles). Exact diagonalization data for JV = 
18: lines; approximate analytical theory which uses 
equation 13. 7t : large empty (.yV -> 00) and fiUed 
{jV = 6) symbols; approximate analytical theory 
which uses equation (3.8) : small empty (^ -> 00) 
and filled (^ = 6) symbols. 

which exhibits almost a direct transition from the 



plateau at 1/3 of the saturation value to the saturation value at fields slightly above 30 T and tempera- 
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tures about 0.1 K. This characteristic feature of the magnetization curve may be viewed as a remnant of 
localized magnons which dominate the high-field low-temperature properties of the ideal diamond spin 
chain, see figure[l] Herein below we use the approximate analytical description based on equation <3.10> . 
Another approach to the calculation of magnetization which is based on variational mean-field-like treat- 
ment with the help of Gibbs-Bogolyubov inequality has been reported recently in reference |29]. 

Bearing in mind the localized-magnon picture emerging for the ideal diamond spin chain, we may 
expect for azurite that the lowest-energy states having different - NI2,...,NI2- JY at a magnetic 
field around the saturation field, have almost the same value of energy. This will obviously produce a very 
steep part at the low-temperature magnetization around the saturation field. However, due to a non-ideal 
geometry, these lowest-energy states are not localized magnons (yielding a perfect jump in the ground- 
state magnetization curve), but almost localized magnons and their effect on high-field low-temperature 
thermod5mamics can be estimated using equation <3.10) . 

Before applying the approach based on equation 13.10> to the model of azurite we have to make the 
following remarks. First of all we note that according to equation <1.1> (/i - J-i)l J2 - 0.26, that is not so 
small in comparison with the cases reported in figure [3] (recall we had l/i - /3I//2 - 0.12, 0.10, 0.06 for 
the upper, middle and lower panels, respectively). Moreover, now Jm l h- 0.14 0. Clearly, under these 
conditions we may question the accuracy of the approach based on equation <3.10) . Anyway, after insert- 
ing the Hamiltonian parameters for azurite into equation d3.15> with £1 [k) following from equation <3.3) 
(huge empty symbols), equation 13. 7> (large empty symbols) or equation <3.8> (small empty symbols) we 
have obtained the results shown in figure m which can be compared with experimental data of refer- 
ence 111], see figure 2 in this paper. We also report the corresponding exact diagonalization data for 
iV= 18. 




Figure 4. (Color online) Magnetization curve m(T, h)l3 vs ^ for the distorted diamond cfiain with a set 
of exchange constants given in equation (1.1) and the value of the gyromagnetic ratio g = 2.06 at T = 0.08 
K (left hand panel) and T = 1.3 K (right hand panel). Exact diagonalization data for N = 18: lines; approx- 
imate analytical theory which uses equation (33): huge empty symbols; approximate analytical theory 
which uses equation 13. 7t : large empty symbols; approximate analytical theory which uses equation 13.8) : 
small empty symbols. 



At the low temperature T - 0.08 K (left hand panel in figure |4) the obtained results are in a rea- 
sonable agreement with experimental data, see figure 2 in reference il2ll . and the exact diagonalization 
data. More precisely, the approximate analytical result which uses ei (jc) from equation 1 13. 3> agrees per- 
fectly with the exact diagonalization data above 33.5 T, though yields the 1/3 plateau already below 32 T, 
whereas the exact diagonalization prediction is about 31 T. Magnetization curves with £i(?c) from equa- 
tion <3.7) or equation <3.8) reproduce the exact diagonalization data only qualitatively, yielding either a 
larger or a smaller value of the saturation field. Moreover, slightly above 32 T, approximate analytical 
results based on equations 1 13. 3> . <3.7> . <3.8> coincide. At the temperature T - 1.3 K (right hand panel in 
figureH) our calculations show almost no traces of the step-like part nicely seen at T - 0.08 K (left hand 
panel in figureH). Furthermore, at this temperature (T = 1.3 K) all approximate results are closer to each 
other and to the exact diagonalization data. 
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5. Conclusions 

To summarize, we have considered the high-field low-temperature properties of a distorted diamond 
spin chain using a localized-magnon picture. The free energy f{T, h) relevant in this regime is given in 
equation <3.11> with ei (k) determined from cubic equation <3.3> . 

E^l[K) + aE^-[K) + bEi[K) + C-0, (5.1) 
fl = 4/-H/2-H2/mSin^|, 

[f cos^ I -H 52 sin^ I) + 2(2] + h) [j+Jm sin^ |) + JU+h) . 
c = -{2J + J2) [f cos2 I -H 52 sin^ I) - h (/ cos2 I - 52 sin^ |) 



+ 2j{j+h)[j+]msm^^ , 



/ a -71 a 2a^ ab q 

£iM--2\ cos , p- ho, q- he, cosa = , (5.2) 

VS 3 3 3 ^ 27 3 „ 



I.e., 



For small 51 J2 instead of equation <5.2> we can take ci(jc) from equation <3.7> . Furthermore, assuming 
that // /2, Jml J2 are also small, we arrive at equation <3.8) . Although equation <5.2) for ei [k] provides the 
best results, equation ( 13. 8> for e\ [k] (valid for // J2 « 1, Jml J2 « 1) permits a very transparent interpre- 
tation of the thermodynamics in terms of the emergent spin-1/2 XX chain in a transverse field d3.12t and 
links our results to the ones obtained earlier within a completely different approach joilioll. 

The effective description resembles, to some extent, the spin-1/2 transverse XX chain theory: Hard- 
core bosons (spins 1/2) mimic the hard-monomer rule whereas a nonzero XX exchange coupling is 
related to a small dispersion of the former flat one-magnon band. The elaborated description can re- 
produce the basic features of the high-field magnetization process at low temperatures even quantita- 
tively. It might be interesting to consider other properties such as the low-temperature entropy, specific 
heat or the magnetocaloric effect around the saturation field within the suggested scheme, cf. also refer- 
ence fio']. From reference fi"] we know that deviations from ideal geometry may produce an interesting 
low-temperature behavior, e.g., of the entropy around the saturation field. 

It seems quite evident that such a description can be applied to other spin systems of the hard- 
monomer universality class fi-^, e.g. , the dimer-plaquette chain |19, 20] or the two-dimensional square- 
kagome lattice |30, 31]. Another interesting question concerns the applicability of such an approximate 
approach to distorted spin systems of other universaUty classes I3-0], in particular, of the hard-dimer 
universality class. Moreover, it might be interesting to use a similar scheme to analyze the high-field 
low-temperature thermodynamics of the frustrated triangular spin-tube compound considered in ref- 
erence IHl extending the ideal geometry description of references (si,!!!]. Last but not least, we may 
mention a consideration of distorted electron models |3S-38]. 

Finally it should be stressed that in spite the fact that the suggested approach provides a semiquanti- 
tative description of the high-field low-temperature properties of a distorted diamond spin chain, it is not 
clear how it can be systematically improved. From this point of view, another systematic approach, e.g., a 
perturbation theory (though not with respect to small \J\\I J2, 1/3I//2 but with respect to small I/1-/3I//2), 
is required. Moreover, to achieve a better agreement with experimental data for azurite, one apparently 
has to take the three-dimensional coupling geometry of this compound into account. 
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HaniBKi/ibKicHa reopiji Hi/i3bK0TeMnepaTypHi/ix BTiacTi/iBOCTeM 
Ae())opMOBaHoro poM6iMHoro cnmoBoro /laHi^iOKKa 
y cv\JibHV\x noyinx 



iHCTWTyr (|)i3HKW KOHfleHCOBaHwx CMCreM HAH YKpaTHH, sy/i. CBeHL4iL4bKoro, 1, 7901 1 /IbsiB, VKpaiHa 
Ka(|)eflpa TeopernHHOi' cfiiawKH /IbsiBCbKoro HaL4iOHa;ibHoro yHiBepcuTeiy iM. IsaHa OpaHKa, 
Byn. AparoMaHOBa, 12, 79005 /IbBiB, YKpaiHa 

iHCTWTyr TeopeTMHHoT c|)i3HKi/i, VHiBepcMTeT Marfle6ypra, D-39016 Marfle6ypr, HiMeHHUHa 

Mm posMflflaeMO aHTnefiepoMarHiTHy MOfle/ib raCi3eH6epra Ha fleefiopMOBaHOMy poM6iHHOMy /laHi^ioxKy i bmko- 
pncTOByeMO KapinHy ;iOKa;ii30BaHMx MarHOHiB, npi/icrocoBaHy flo Ae(|)opMOBaHOi reoMeTpii, lho6 oSroBopi/irn 
fle^Ki HMSbKoreMnepaTypHi B/iacTHBOcri MOfleyii y cn/ibHi/ix no/iax. KoHKpeTHiLue, y HaiuoMy flOc;iifl>KeHHi mh 
BBaxaeMO, mo CTarncTUHHa cyMa y BunaflKy flemo flec|)opMOBaHoT reoMerpii Mae laKy x (()opMy i y Bunafl- 
Ky iflea/ibHOi reoMeipiT, a;ie 3 ipoiuKU flucnepcHMMi/i oflHOMarHOHHUMM eneprmMH. Mn TaKO>K o6roBopK)eMO 
sacTOCOBHicTb TaKOfo onucy fl/ia asypniy. 

KnioHOBi c;ioBa: po/wff/wMM cniHOBi/iH jiaHu,Ki)KOK, noKani30BaHi MarHOHn, asypi/ir 
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